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Abstract 

This paper provides a complete characterization of quasicontrac¬ 
tive Co-semigroups on Hardy and Dirichlet space with a prescribed 
generator of the form Af = Gf. We show that such semigroups are 
semigroups of composition operators and we give simple sufficient and 
necessary condition on G. Our techniques are based on ideas from 
semigroup theory, such as the use of numerical ranges. 
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Let X be a Banach space. A one-parameter family (T(t))t>o of bonnded 
linear operators from A to X is a semigroup of bounded linear operators on 
A if 

(i) r(0) = Id, the identity operator on A; 

(ii) T{t + s) = T(t)T{s) for every s,t >0. 

The linear operator A dehned by 

D{A) = |x e A : lim ~ existsj 

and 

Ax = lim —— for x G DiA) 

m t 

is the (inhnitesimal) generator of the semigroup T(f), D{A) is the domain 
of A. The semigroup {T{t))t>o of bounded linear operators on A is strongly 
continuous if 

lim ||T(t)a; — a;||x = 0 for every x E X. 

Such semigroups are also called Co-semigroups. 

A straightforward consequence of the uniform boundedness theorem is 
that given a Cq- semigroup (T{t))t>o on the Banach space A, there exist 
tc > 0 and M > 1 such that 

||r(t)|| < Me"'* for all 0 < f < oo. 

In the particular case where M = 1, the semigroup is said to be quasicon- 
tractive. For M = 1 and w = 0, (T{t))t>o is a semigroup of contractions. 

In 1978, Berkson and Porta [5] gave a complete description of the gen¬ 
erator A of semigroups of composition operators on the Hardy space i7^(D) 
(see Section 12.3p . induced by a semigroup of analytic self-maps of D (see 
Section 12.21 for the dehnition of such semigroups). Abate [I] rediscovered 
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the main results of [5], using a different approach, and considering higher 
dimensions of the scalar space. 

Berkson and Porta [5] noticed that such semigroups are strongly continu¬ 
ous on i/^(D) and Siskakis [IHl 120] noticed that they are strongly continuous 
on the Dirichlet space V. Moreover, it is not difficult to see that the gen¬ 
erator A of a. semigroup of composition operators is of the form Af = Gf. 
The aim of this paper is to give a complete description of quasicontractive 
Co-semigroups of bounded operators on and P whose generator A is 

of the form Af = Gf; that is, unlike previous authors, we do not assume a 
priori that we are working with semigroups of composition operators.. 

The paper is organized as follows. First, in Section [21 we recall the 
Lumer-Phillips theorem in order to obtain a contractive or quasicontrac¬ 
tive Co-semigroup by means of the numerical range of its generator. We 
also present the main result of [SI concerning the semigroups of holomorphic 
functions on ©. Then, the weighted Hardy spaces are defined, their main 
properties are recalled (in particular the fact that some of them are repro¬ 
ducing kernel Hilbert spaces is emphasized) and finally we also study the 
norm of composition operators induced by a univalent symbol on Tr^(D) 
and T). This study is essential to check that the semigroups of composition 
operators are indeed strongly continous and quasicontractive. To that aim, 
on the Dirichlet space, the optimal estimates proved in [T5| are crucial. 

In Section [HI we present our main result on iP^(D), Theorem 13.11 which 
asserts that the only quasicontractive Co-semigroups whose generator is of 
the form Af = Gf are the semigroups of composition operators. We also 
prove necessary and sufficient conditions on C, different from the one of 
Berkson and Porta. 

In Section [31 we prove in Theorem 14.31 that the assertions of Theorem 13.II 
are equivalent to the fact that A generates a quasicontrative Co-semigroup 
on the Dirichlet space, which is itself equivalent to the fact that A generates 
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a semigroup of composition operators on V. 

The last section contains comments on well-known algorithms to test the 
conditions on G, and explicit examples of constructions of the semigroup of 
composition operators for a class of analytic polynomial G. 

2 General background 

2.1 Characterization of contractive Co-semigroups of 
bounded operators on a Hilbert space 

Besides the well-known Hille-Yosida theorem (see for example Thm. 3.1 in 
ini) which characterizes Co-semigroups in terms of the growth of the re¬ 
solvent of their generators A, another useful theorem is the Lumer-Phillips 
theorem (see for example Thm. 4.3 in ini) which is well-adapted for the 
characterization of quasicontractive Co-semigroups in terms of the numerical 
range of A. 

From now on, we assume that the Banach space X on which T{t) is 
dehned is a complex Hilbert space, and we denote it by H. This hypothesis 
will simplify the dehnition of dissipative operators involved in the Lumer- 
Phillips theorem. 

Let A : D{A) —)■ iP be a linear operator. Then A is dissipative if 

Re(Ha:, x) < 0 for all x G D{A), ||x|| = 1. 

In other words, A : D{A) H is dissipative if the numerical range of A is 
in the left half-plane. 

Theorem 2.1 (Lumer-Phillips) Let A be a linear operator with dense do¬ 
main D{A) in X. 

(i) If A is dissipative and there exists Ao > 0 such that (Aq Id —H)Zl(H) = 
H, then A is the generator of contractive Go-semigroup on H. 
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(a) If A is the generator of a contractive Co-semigroup on H, then A is 
dissipative and for all A > 0, (A Id —74)iA(74) = H. 

This theorem is also of great interest for the characterization of quasicontrac- 
tive Cq- semigroups observing that ||T(f)|| < if and only if ||T(f)|| < 1, 
where T{t) := T{t)e~'^^ is the semigroup whose generator is A — raid, if A is 
the generator of {T{t))t>o- In particular we have then the following result. 

Corollary 2.2 Let A : D{A) H be a linear operator with a dense do¬ 
main. Then A generates a guasicontractive Co-semigroup if and only if 
sup{Re ((ydx, x)) : x G iA(y4), ||x|| = 1} < oo and there exists A > 0 such 
that {A - Xld)D{A) = H. 

2.2 Semigroups of analytic functions 

Theorem 2.3 (Denjoy-Wolff) Let (p : D ^ ro holomorphic such that g) 
is not an elliptic automorphism. Then there is a point 6 G D such that 
ipn(:=(p o ip o ■ ■ - ip, n times) converges to b uniformly on compact subsets of 

D. 

If |6| < 1, then p{h) = b, while if \b\ = 1, then b behaves as a fixed point 
in the sense that lim^^i- p{rb) = b. This distinguished point is called the 
Denjoy-Wolff point of p. 

In the exceptional case of elliptic automorphisms different from the identity 
map, the sequence of iterates move around an interior fixed point without 
converging to it. 

Definition 2.4 A one-parameter semigroup of analytic functions of ID) into 
itself is a family $ = {pt : ^ > 0} of analytic self-maps o/D such that 

1. po(z) = z for all z G D; 

2. pt+s{z) = Pt° Ps{z) for all t,s > 0 and z G D; 
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3. (t,z) 1-4 ^ti^) is continuous on [0, oo) x D. 

Using Vitali’s Theorem on convergence of holomorphic functions, it follows 
that the continuity of (f, z) i-4 (pt{z) on [0, cxo) x D is equivalent to the con¬ 
tinuity of t 1-4 ^ptiz) for each z e D. Such semigroups have extensively been 
studied by Berkson and Porta [5] (see also ini), who proved the following 
useful result. 


Proposition 2.5 Let $ = {(pt)t£R+ be a semigroup of analytic functions on 
D, then: 


(i) For every t e M+, the function (ft is univalent. 


(a) There is a holomorphic mapping G : D —)■ C called the generator of 
such that 

= GWt{z)) ( 1 ) 

for all t > 0 and all z & 3. The convergence 


G{z) 


lim 

t^o+ 


dipt{z) 

dt 


is uniform on every compact subsets of 3. 


(Hi) Moreover, the infinitesimal generator G of ^ has the unigue represen¬ 
tation 

G(z) = F{z){az — l){z — a), Wz G ©, 

where F : D —)■ C zs analytic and satisfies Re(F) ^ 0, and a is the 
Denjoy-Wolff point of one (and thus any) t > 0. 


(iv) Conversely, let F -.3 ^ C be analytic with Re(F) ^ 0 and a G the 
function z i-4 F{z)(az — l){z — a), generates a semigroup of analytic 
function on D. 
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2.3 Operators on weighted Hardy spaces 


Our aim is to study semigroups of bounded operators on classical spaces of 
analytic functions such as the Hardy space and the Dirichlet space "D, 

which are particular cases of the so-called “weighted Hardy spaces”. 


Definition 2.6 Take (/Sn)„>o a sequence of positive real numbers. Then 
is the space of analytic functions 


/(^) = 

n=0 


in the unit disc D that have finite norm 


Wfh 



The case /3„ = 1 gives the usual Hardy space 

The case (3^ = 1 and = \/n for n > 1 provides the Dirichlet space T), 
which is included in 

The case jdn = l/v^rzT+T produces the Bergman space, which contains 

//2(D), 


Obviously the polynomials are in H^{(3) and with an extra condition on 
{f3n)n, the Hilbert space is also a reproducing kernel space, i.e. for all 

tc G D, there exists a function kw G such that 


(/, kn,) = f{w), 

for all / G (see p. 19 in [7] and p. 146 in [IS]). More precisely, if 

{(3n)n is such that 

2^ 02 < tc G D, (2) 

n>0 

it follows that H‘^{(3) is a reproducing kernel Hilbert space and 

Tfpri _ 

kw{z) = -^z^ with ||/c^||i 2 (^) = 

n>0 n>0 
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In fact (|2]) is also equivalent to the more explicit condition liminf(/3„)^/"^ > 1. 

Given an operator A (possibly unbounded) defined by Af(z) = G{z)f'{z) 
on its domain D{A) = {/ G Gf G H\^)} where G G we 

would like to know if there exists a Go-semigroup on H‘^{I3) with generator 
A. The next proposition asserts that two necessary conditions for A to be a 
Go-semigroup generator are satished. 

Proposition 2.7 Let {(3n)n>o « sequence of positive real numbers such that 
zH‘^{(3) C Any operator A defined by Af{z) = G{z)f'{z) on D{A) 

where G G is densely defined on i7^(/S) and closed. 

Proof: The operator A is dehned on polynomials which form a dense 

family of function in We consider a sequence (/„ : 2 ; 1 —)■ ^ 

and two functions f : z J2k'^kz’^,9 ■ z 1-4 ^ such 

that fn^f and Gfl^ g in We denote G{z) = Yl^k^kZ^■ We now 

consider the truncated sums, up to the iV-th exponent: 

N 

ll(G/;-G/'V||l5:^A 

fc =0 

fn ^ f in i7^(/5), one has 

00 

k=0 

and thus V/c G N, |a^ — a^l ^0. Hence, 

Wig — Gf')NW2 ^ IKS' ~ G/n)A^I |2 + WiGfn ~ Gf )nW2 “ t 0. 

We have shown that V/c ^ N, Ck = since this can be done 

for each choice of N, we conclude that g = Gf G i7^(/3), Gf!^ Gf in 
H^i/3) and A is closed. 

□ 


bi_Giaf-aj) 

+i=k 




Proposition 2.8 If A is defined by Af{z) = G{z)f'{z) where G E 
and A g then A cannot he the generator of a one-parameter semi¬ 

group. 

Proof: Let A be a real number; then A G ^{A) if there exists / G 

such that 


G{z)f{z) = \f{z). 


Since A ^ Lr°°(D) the function u = J ^dz lies in Lr°°(D) and f = e^ E 
Roo ^ satisfies G{z)f{z) = Xf{z). Thus M C a{A). This cannot 

occur for Co-semigroups, see e.g. [101 Chap.II,1.13]. 


□ 


Corollary 2.9 If A is defined on Tr^(D) by Af{z) = p{z)f'{z) where p is 


polynomial with no roots in the unit closed disc then A cannot he the 
generator of a one-parameter semigroup. 

2.4 Bounded composition operators on Hardy and Di- 
richlet spaces 

Composition operators on the Hardy space have a quite surprising 

property, namely, provided that they are well-defined, they are always con¬ 
tinuous. This fact is not true on the Dirichlet space. Moreover, we have the 
following upper bound for the norm (see Thm. 3.8 in [7]). 

Theorem 2.10 Let (p : D —)■ D 6e an analytic function. Then G^ maps 
7L^(D) continuously into and moreover 



The previous result is very useful to estimate the growth of the norm 
of semigroups of composition operators on the Hardy space. Indeed, a first 
consequence of Theorem 12.101 is that each semigroup $ of analytic functions 
on © induces a Co-semigroup of bounded operators on iL^(©). 
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Corollary 2.11 Let $ = {(pt)t>o be a semigroup of analytic functions on D. 
Then (C^t)t>o is a quasicontractive Co-semigroup on H‘^(JD)). 


Proof: The continuity of t V^t(O) implies that K := {v?t(0) : 0 < t < 1} 

is a compact subset of D. Since G, the generator of <h, is holomorphic on D, 
we get 

sup |G((pt(0))| < oo. 

0<t<l 

By ([I]), it follows that there exists M > 0 such that |</?t(0)| < Mt, and then, 
for 0 < t < Using Theorem 12.101 we also know that 




A + |y^^(o)l 

Vi-lv^t(o)| 


1/2 


which implies that < 1 + 0(t), and thus there exists ta > 0 such that 


\\C^. 


< 


for all f > 0. Moreover the hypotheses on $ imply that C^^f{z) tends to f{z) 
as t tends to 0, for all z G © and all / G In other words the semigroup 

is weakly continuous. It follows that is strongly continuous (see 

Thm. 1.5.8 in [10]) . 

□ 

On the Dirichlet space, it is not true that is well dehned whenever ip 
is a self-map of D. For example, for ip an inhnite Blaschke product, Cip is 
not a bounded composition operator on "D. Nevertheless, if p is univalent, 
is bounded on P (see Section 6.2 of [9]). We have therefore the following 
preliminary result. 

Proposition 2.12 Let <F = {pt)t>o be a semigroup of analytic functions on 
D. Then {C^pf)t>o is a semigroup of bounded operators on V. 

Using [6], it is possible to prove that Proposition 12.121 is still true for any 
space containing V. But this is beyond the scope of this paper. 
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3 Quasicontractive semigroups on the Hardy 
space 


From now on, the function G will lie in and the operator A will be 

dehned by Af = Gf on the domain D{A) = {/ G Ff^(D), Gf G 


Theorem 3.1 The operator A generates a GQ-semigroup of composition op¬ 
erators on if and only if\/z G D, 

2 Re(zG(z)) + (1 - |z|^) Re(G'(z)) ^ 0. (3) 

Proof: Suppose A is such a generator, let {(ft) denote the corresponding 

semigroup. From analyticity, one has for small t and hxed 2 ;: 


ipt{z) = z + G{z)t + o(f). 


'p[{z) — 1 + G'(yz')t + o(f). 


From the Schwarz-Pick lemma (see m), 




1 — RP 


and thus. 


1 + Re(G'(; 2 ))f + o{t) ^ 



2Re(zG(z)) 
1 — \zr 


The condition ([3]) appears as t tends to O'*". 


We now assume that the condition ([3]) is valid. For zq G D, consider the 
initial value problem 

^ = G{w), ^(O) = zo- 

Since G is analytic and thus locally Lipschitz, there exist local solutions 
w(t) = ipt(zo) by the Cauchy-Peano theorem with values in D. Let 

f 2 

p(zi,Z 2 )= min / - —^\dz\. 

7(0)=.i;7(l)=^2y^ 1- RP' ' 
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So 


p{zo,^t{zo)) ^ 


Write f : t 


1 - l^tizoW 


lo ^-Ws{.Zq)\^ 

_ r 2 

Jo ^-\Ps{zo)\^ 

\G{ipt{zo))\, so that 


dps{zo) 


ds 


ds 

\G{Lps{zo))\ds. 


fit) = 


il-Mzo)\f^ 

+2 Re 

2\G{iptizo))\ ' 

il-\ptizo)\f^i 


^l^(v^t(^o))l 

dt 


il-Mzo)(^ 


+2 Re 

^ 0 by condition (E]) at (ftizo) 


(^Ptizo)G{iptizo))'^ |G((^t(zo))| 

'Re(G'(vp,(^o)))(l-|v^i(^o)P) 

(^o)) 


We conclude that / is a decreasing function, and thus, for 0 ^ ti < t 2 < rj, 

1 - l<^ii(^o)r 

Therefore, on [O,?]), ipt remains in a compact subset of D, so 

p{iptfzQ),iptfzo)) ^K\t2-ti\, 

where R' is a constant independent of fi,f 2 for 0 ^ fi < ^2 < Thus, </?t(^o) 
converges as t tends to rj. This proves that there exists a solution on M+ 
of the initial value problem. Following [5], A generates a Co-semigroup of 
composition operators on hf^(D). 

□ 


Remark 3.2 A condition similar to ([3]) appears in the paper [2], expressed 
in the language of semi-complete vector helds (semiflows); that is, solutions 
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to the Cauchy problem 

du „, , 

^ + /M = 0, 

m(0) = X, 

together with the alternative condition 

Re f{z)z > Re f{0)z{l — \z\‘^), 2 ; G D, 

(see also [THl Prop. 3.5.2]). Thus, as in [5], they start with a semigroup of 
functions under composition. 

Notation 3.3 For each G{z) = ^ we write G{z) = Oi + 

(02 + ^)z + <ynZ"'~^. 

An easy test using numerical ranges gives the following necessary con¬ 
dition for the generation of a Gq semigroup of quasicontractions. A more 
general result (with a more complicated proof) appears in Proposition 13.71 


Proposition 3.4 If the operator A generates a Go-semigroup of guasicon- 
tractions on with (3 = (n“") and a > 0, then 


esssup Re(G( 2 ;)) = esssup Re(zG(. 2 )) ^ 0. 

^eT ZST 


(4) 


Proof: Observing that 


sup Re(2;G(2;)) = sup Re(Q!i) -|- Re I (oq + 0 ^ 2 ) 6 *^ -|- > a„e 
zeT 6»eK ’ ' 


i{n—l)6 


n=3 


we can compute the numerical range of A. Let / be an analytic function 
dehned by f{z) = with ||/||ir 2 (^) = 1 and / G D{A). Then we 
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have 


n=0 


Re{{G{z)f{z)J{z))) = Rey(^G{z)zf{z)J{z)j+ao^^nf^n+ianan+i 

OO 

= Re(ai) 

72=0 

( OO 

(^2 + ^ /^n/^n+inOnO^IipT 

72=1 

( OO 

Oq E / 372/372 +1 ^ 72 ^ 72 +1 
n=0 

( OO OO 

E Oik ^ ^ (^nPn+k—l'IT'Ojnttn+k—l 

k=3 n=0 

Consider the polynomial functions (obviously in D{A)) dehned by 

JE 

/jv(^) = cnY^ - 


72=1 


where cn is a positive real chosen so that ||/Ar||H 2 (^) = 1. It is clear that cat 
tends to 1 as iV tends to oo. Note now that if (jlj) is not satished, then a 
suitable choice of 9 makes Re ((A/at,/ jv)) tend to oo as iV tends to oo. It 
follows that if (jl]) is not satished, then A cannot generate a Co-semigroup, 
see e.g. [TOl, Chap.II, 3.23]. 

□ 


Remark 3.5 It is easy to see that condition ^ implies condition 

Proposition 3.6 The condition ^ implies the condition 

Proof: Assume G satishes condition (jlj) and let H{z) = zG(z). Condition 

dlj) and the maximum principle implies that sup^gjj G( 2 ;) ^ 0. Thus by |5l 
Theorem 3.3] and Corollary 12.111 / i—)■ 22/' generates a Co-semigroup of 
composition operators on 22^ (D). Hence, by Theorem 13.11 Vz G D, 

X :=2Re(zII(z)) -F (1 - jzj^) Rell'(z) ^ 0. 
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Now 


X = Re{{l + \z\‘^)ai + 2 {ao + a2)z+ ~ ~ 2 )| 2 ;|^) 

k=3 

OO 

= Re{2aoz + (1 + I^Hoi + 2.a2Z + ^ akZ^~^{k — {k — 2)1^1^) 


k=3 

= Re ^2 akz'^~^\z\‘^ + (1 — |zp) kakZ 

= 2Re(^G(^)) + (l-|; 2 nReG'(^), 
giving condition ([3]). 


k-l 


k=l 


□ 


Proposition 3.7 Let (/?„)„ be a decreasing sequence of positive reals such 
that liminf^^oo > 1 and let G G such that 


esssnpRe(wG(w)) > 0. 

ir£T 


Then 


snpRe{(A/,/) : / G R>(A), ||/||^^ 2 (^) = 1} = +oo, 
where A is defined on D{A) = {/ G : Gf G by Af = Gf. 

Before proceeding to the proof, we state the following technical lemma which 
explains the hypothesis on monotonicity of {(3n)n- 

Lemma 3.8 Let {(3n)n be a decreasing sequence of positive reals. Then for 
all positive integer N, there exists p = p{N) > 0 such that for all z with 
Iwl > 1 — S, we have 


N I I Oy) I I 277 

1^1 / 1^1 

< 2 ^ B2 ■ 

n=0 n=N+l 


E 


Proof: Since {l/(3n)n is increasing, we have 

Pn Pi 


■'N 


2N+2 


1 — Itcl 
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On the other hand, we have 



Since l — is equivalent to |ta| > for all ta E D 

such that |tc| > r]{N) with r]{N) = 1 — we have 



□ 


Proof of Proposition 13.71 By hypothesis, there exists <5 > 0 and a se¬ 
quence {wk)k C D such that |tCfc| —)■ 1 and Re{wkG{wk)) > S. Moreover 
the condition liminf^^oo > 1 guarantees that the space H‘^{P) has 

reproducing kernels for all ta G D. Now consider the sequence {kwf,)k of 
normalized reproducing kernels associated with {wk)k, i-e. k^^ = -. 


First assume that k^^^ E D{A). In this case, the remainder of the proof 
consist in checking that 



Note that 



'WkWH^dS) 


where k'^^{z) = X]n>i It follows that 



and thus 


{Akwk) ^Wk)H^{/3) 
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Now, for all positive integer N, take ri{N) as in Lemma ESI and k sufficiently 
large so that \wk\ > 1 — Then we have 



N + l 


I 1 o'! 


l^N+l /32 


2 


Therefore, for k sufficiently large (so that \wk\ > 1 — r]{N)), we get 



Since Re(lJJkG{wk)) > S and since \wk\ tends to 1, we get the desired conclu¬ 
sion. 

If kw^ is not in D{A), the conclusion follows from similar calculation, 
considering the sequence of polynomials (fc^)M>o dehned by 


M 



which belongs to D{A) and tends to ky^^, in V. 


□ 


We are now ready for the main theorem of this section. 

Theorem 3.9 Let G G and A the operator f i-G- Gf', defined on the 

domain D{A) = {/ G iL^(D) : Gf' G which is dense in iL^(D). Then 

the following conditions are equivalent: 

(i) A generates a Go-semigroup of composition operators on 
(a) 2 Re'zG{z) -l- (1 — Re G'{z) < 0 for z G D; 

(Hi) A generates a quasicontractive Go-semigroup on H^(JD)); 

(iv) ess sup,jgT — 0- 
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Proof: The equivalence between (i) and (ii) is Theorem 13.11 The impli¬ 

cation (i)^(iii) is Corollary 12.111 The implication (iii)^(iv) follows imme¬ 
diately from Proposition 13.71 with = 1 for all n. Finally, the implication 
(iv)=^(ii) is Proposition 13.61 

□ 

Let A be dehned on B(A) := {/ G : Gf' G by Af{z) = 

G{z)f'{z) where G{z) = ■ An easier condition than Condition ([3]) 

to test is the following: 

OO 

Re(tti) -|- \oiQ -\- 0 . 2 ] + ^ ^ lonl ^ 0. (5) 

n=3 

In the sequel we present the link between Condition (|5]) and Condition ([3]). 
Proposition 3.10 

(i) Condition ^ implies Condition 

(ii) If G E C 2 [X] (i.e., a polynomial of degree at most 2), then conditions 
^ and ^ are equivalent. 

(Hi) There exists a polynomial function of degree 3 such that condition 
holds and condition ^ does not. 

Proof: 

(i) The condition ([3]) is equivalent to 

CX) 

(H-1;2|^) Re(Q:i)-|-2 Re((ao + a 2 )^) + ^^ Re(a:„((2 —^ 0. 

n=3 

The condition ([S]) is 

OO 

Re(Q:i) -|- |q:o T 0^2! + 'y ^ \o^n\ ^ 0 , 

n=3 
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that is, 


(1 + 1^1^) Re(tti) + (1 + |2;|^)|tto + 0 ^ 2 ] ~l“ ^ ^ (1 + l^l^)l®n| ^ 0- 

n =3 


Note that 2Re((ao + a 2 )z) ^ 2|q!o + ct 2 \\z\ ^ (1 + |2;p)| q!o + « 2 |- On the 
other hand, the arithmetico-geometric ineqnality gives, V/c G N*, Vx G 






i.e. 


1 + + {k — 

k + 1 


^ ^^\/l X X x(^+2)(^+i) = x^. 


1 + ^ x^{{k + 1) — {k — l)x^). 


We now observe that 

Re(a „((2 —n)|2;p+n)2r'^“^) ^ \an\\z^~^\{{‘ 2 ^ — n)\z\^ + n) ^ (l + |2;p)|a„ 


(ii) Let G{z) = Oq + ai2: + a 2 z‘^. 

If condition ([3]) is trne, we have in particnlar 

G M, 2 Re(e-*®G'(e*®)) ^ 0 i.e. Re(ai + (^ + 02 ) 6 *'^) ^ 0. 

For 9 = — arg(chi + 02 ), we get 

Re(tti) -|- |oo 0^2] ^ 0 . 


(iii) Take G{z) = —z + Note that G does not satisfy condition ([5]). 

On the other hand, note that G(z) = —z{l — + ;^) = —zF{z). In 

[5], it is shown that, if Re(F) ^ 0, then G generates a Oo-semigronp of 
composition operators on which is eqnivalent to condition (|3]). 

Since Re(F) satishes the maximnm principle, for h{6) := Re(F(e*®) = 
1 — ^ cos(6') + cos(26*), F maps the disc into the right-half plane if 

h is nonnegative. For that pnrpose, note that 


h'iO) 


1 

7! 


sin(0)(l — 4cos(6')). 
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It follows that h'{6) = 0-^6 = 0 or 6 = 71 or cos(6') = ^. A direct 
computation gives: h(0) = 1, h{l) = 1 + -^ and if cos(6') = h{6) = 

1 — > 0. Therefore G satishes condition ([3]). 

□ 

4 Quasicontractive semigroups on the Dirich- 
let space 

Recall that the Dirichlet space norm is dehned by 

cx> „ 

ii/iit = Kr+y]*^Kr = i/(o)p+ / \f(z)\^dA{z), (6) 

k=i 

for f{z) = and it is induced by an inner product that may be 

written, at least formally, as 

(/) g)v = (/, + f{0)g{0). 

Proposition 4.1 For G & V and A the operator f Gf, defined on the 
domain D{A) = {/ G H ; Gf G V}, which in dense in V, the following two 
conditions are equivalent: 

(i) ess sup^gT ^ 0/ 

(a) sup{Re(A/, f)r,: f e D{A), \\f\\T> = 1} < cx). 

Proof: Suppose that ess supj,gT ReTG( 2 ;) < 0. Then 

Re{Af,f)v = Re(G/',2/'>H=(B)+Re(G(0)/'(0)7(0)) 

= Re (J^fG(z)z\f'(z fdO^ + Re (g(0)/'(0)7(0)) . 

with z = e*®, and the supremum of this quantity over ||/||x) = 1, / ^ D{A) 
is clearly hnite. 
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Conversely, suppose that ess sup Re zG(z) > 0. By considering an (outer) 
function u with |m| = 1 on a set of positive measure where R.ezG{z) > 6 > 
0 and |m| = 1/2 on its complement (see Thm. 4.6 in [12]) we see that 
lim inR^oo Re(GM"', 2 ;m"')h2(d) > 0. It now follows that there is a function 
/ e D{A) with (/, f)v = 1 and Re(G/', zf)H^o) > 0. 

Now dehne a sequence {fk)k in by setting /(, = and /^(O) = 0. 

So if f{z) = 

CX) 

fk{z) = 

n + k 

n=l 

and hence 

2 

n=l 

oo 2 

n=l 

and thus this tends to zero by the dominated convergence theorem. 

Now 


{fk,fk)v — 


n 


n + k 


(n + k) 


Re{Afk, fk)v = Re{zGf„ = Re{Gf, f 

On normalizing the functions fk we see that 

sup{Re(/l/, /)c : / e V, Wf^ = 1} = oo. 


□ 

Proposition 4.2 Let G ^ V and A the operator f Gf, defined on the 
domain D{A) = {/ G "D ; Gf' G T>}, which is dense in V. If A gener¬ 
ates a Go-semigroup of composition operators on V, then this semigroup is 
guasicontractive. 
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Proof: Given a semigroup {C^f,^)t>Q acting on D, we must show that 

||C'(/jt/||x' = ||/||x>(l + 0{t)) for small t > 0. First, since ipt is injective, 
we have the well-known inequality 

[\{fo^,yiz)\^dA{z) = [\{f O ^,izm^[{z)y dA{z) 

Jo Jo 

= [ \f{w)\^dA{w)< [\f{w)ydA{w), 

J 9?(ID)) -^ID) 

taking w = (p{z). Therefore the composition operator is bounded on V. 
Moreover, by [ISl Thm. 2], 

where L = log ^ j • This upper bound is sharp since it is an equality 

whenever D \ <yCi(D) is of Lebesgue area measure equal to 0. 

Siskakis [20] proved that, as in the case of the Hardy space, A is of 
the form A{f) = G{z)f'{z), where G is an holomorphic function on D and 
ipt{z) = z + G{z)t + o{t). It follows that, for f —)■ 0, 

\\C^t\\ < 1 + 0(f), 

since L = 0{t^). Therefore, there exists tc > 0 such that \\G^f,^\\ < for all 
f > 0, and thus {G^^)t>o is then a quasicontractive Co-semigroup. 

□ 

Theorem 4.3 Let G & T> and A the operator f i—)■ Gf, defined on the 
domain D{A) = {/ G : Gf' G T>}, which is dense in V. Then the 
following conditions are equivalent: 

(i) A (extended to its natural domain in generates a Go-semigroup 

of composition operators on (D ); 

(a) 2Re zG{z) -I- (1 — ReG'( 2 ;) < 0 for z G D; 

(Hi) A (extended to its natural domain in Tr^(D )) generates a quasicontractive 
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Cq- semigroup on i/^(D); 

(iv) ess sup^gT Re zG( 2 ;) < 0; 

(v) sup{Re(A/, /)©:/€ D{A), WfW^ = 1} < oo; 

(vi) A generates a guasicontractive Co-semigroup on V; 

(vii) A generates a Co-semigroup of composition operators on V. 

Proof: Conditions (i)-(iv) have already been shown to be equivalent in 

Theorem 13.91 The equivalence of conditions (iv) and (v) is shown in Propo¬ 
sition STj For (i)=^(vii) is detailed in j2Q]. The fact that (vii)=^(vi) is given 
in Proposition 14.21 Finally, (vi)^(v) by Lumer-Phillips result (see Corol¬ 
lary EJ). 

□ 


5 Comments 

In [5], as well as in Condition [5], the description of the generator of a Co- 
semigroup of composition operators relies on analytic functions F or C which 
map D into the right or left half-plane. For that purpose, let us recall the 
Caratheodory-Toeplitz theorem mm- 

Theorem 5.1 (Caratheodory-Toeplitz) Let f{z) = Yl'^=oLnA^ and con¬ 
sider for k 1 the matrices Mk = {rnij)i^ij<^k where mij = pj-i if i ^ j 
and mij = 0 otherwise. Then f maps the disc to the right half plane if and 
only if the Hermitian matrix Nk = Mk + M(, is nonnegative definite for all 
k^l. 

This theorem has to be considered with the Sylvester Criterion. 

Theorem 5.2 (Sylvester Criterion) Let A = be Hermitian. 

Then A is positive definite if and only if the n matrices Ap = 
with 1 ^ p ^ n have positive determinant. 

Here is an example where we can use those tools. 
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Example 5.3 Let G(z) = Oq + aiz + a 2 Z^ E C 2 [X], thanks to condition 
we have that G generates a Go-semigroup of analytic functions on D if and 
only z/sup(G(T)) ^ 0. Besides, sup(G(T)) < 0 if and only if 


det (— Re(ai)) > 0, 


det 


/ — Re(ai) 

+ flo) 


— (oo + (l2)\ 
-Re(ai) J 


> 0 


i.e. 

f Re(ai) < 0 

\ Re(ai)^ - |^+ 02^ = (Re(ai) - |^ + a2|)(Re(ai) + |^ + 02]) > 0 

i.e. 

Re(cii) -|- |(3 q -|- (321 ^ 0. 

We have recovered condition W- 


One may wonder if the quasicontractive Co-semigroup whose generator 
is given by A can be determined on or V. We know that it is a 

semigroup of composition operators G^^, with 

^ = OMV). 

This is an important and not so easy issue, which can be answered in some 
particular cases, as follows. Those examples are slight generalizations of the 
ones presented in [ 21 ]. 


(i) If G{z) = az -\-b with a 7 ^ 0, we have 

^t{z)=e^^z + \e^^-l). 
a 

Furthermore, the Denjoy-Wolff point a of this holomorphic semigroup 
is a = -- eB. 

a 

(ii) When G is a polynomial of degree 2, dehned by G{z) = c{z — a){z — b): 
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If a 7 ^ 6, we get 


^t{z) = 


z{ae°^ — + ah{e°‘^ — e°^) 


z{^(Act _ ^act^ _|_ (-Qgact _ fj^bct^ ’ 

whose Denjoy-Wolff point is a = a G D if Rea < Refe and a = 
6 e © if Rea > Re6. In the case where Rea = Re6 it happens 
that = Id for tn = so I’t is an antoniorphism. 

• If a = 6, we hnd another expression for ipt'- 

z{l — act) + a^cf 
—zct + (1 + act) ’ 

whose Denjoy-Wolff point is a = a. 

(iii) As G is polynomial of higher degree, we usually do not have explicit 
expression of the semigroup {(fit)- Yet, some cases can be found: 

• If G{z) = c(z — a)"' then Vt E M+, G D, 

z — a 


(pt{z) = a + 


(1 — nct{z — a)” "-1 

Note that, if c = 1, the only possible case is when a = 1. 
If G{z) = cz(z^ — a) then Vt G M+, G D, 


= 


ze 


— ct 
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